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Abstract 

The a-theorem is demonstrated for the RG flows of entanglement entropy in two and four 
dimensions. In four dimensions we relate it to the term quadratic in intrinsic derivative of 

CN I the dilaton along the entangling surface in the dilaton entropy. The a-theorem, similarly to 

the c-theorem in two dimensions, then follows from the positivity of the 2-point function of 
stress-energy tensor. We suggest that the a-theorem, provided it is properly reformulated 

■^ , in terms of the entanglement entropy, may follow from the c-theorem. 
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1 Introduction 

An intriguing long-standing question is whether the Renormahzation Group (RG) flow in a 
unitary quantum field theory is irreversible. Or, in a weaker form, whether the two conformal 
field theories defined on the end points of the fiow (UV and IR) are related by an irreversible 
RG evolution. In two spacetime dimensions there is a complete answer to these questions. It 
was demonstrated in 1986 by Zamolodchikov [1] that in two dimensions there exists a certain 
function (called c-function) which is monotonically decreasing along the RG trajectories. At the 
fixed points of the RG fiow, where the theory becomes conformal, this function coincides with 
the central charge of the theory and, hence, the inequality cuv > cir follows. Moreover, the 
RG fiow in two dimensions occurs to be a gradient fiow thus forbidding the recurrent behaviors 
such as limit circles. 

This remarkable theorem motivated the search for an extension of this result, or some part 
of it, to higher dimensions. In two dimensions the central charge is related to the conformal 
anomaly < T'^ >= ^R, where R is the Ricci scalar. Namely this interpretation of c can be 
easily generalized. In particular, in four dimensions, there are two contributions to the trace 
anomal}0 

<T^,>=^{-aE, + bW'), (1.1) 

where W^ is the square of the Weyl tensor and i?4 is the Euler density 
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^4 = Rap^uR''^^" - ^R^uR^" + R^ . (1.2) 

In 1988 Cardy suggested that in the 4d RG fiows the central charge a plays a role similar to 
the 2d central charge c and conjectured that 

auv > am- (1-3) 

Since then the focus has been made on finding a proof of the a-theorem (see for instance [5], [1]) 
that occurred to be a difficult problem. An elegant proof has been suggested only recently by 
Komargodski and Schwimmer [5] (see the subsequent discussion in [6], [7], [8], [9], [10] and in a 
recent review |11]). The idea of [5] is to promote the mass parameters of operators that explicitly 
break the conformal invariance to functions of spacetime, Mj — )■ MjC"'^''^'-' , by introducing the 
dilaton field t{x). Provided the dilaton changes under the conformal transformations, r — t- r + 
a, this procedure restores the conformal invariance. The quantum effective action then becomes 
a functional of the background fields, the dilaton r(x) and the metric g^^{x), and encodes the 



^We use the following conventions: [V^, V^]y" = R^p^^V^ , i?^^ = i?"^^^, . 



information on n-point correlation functions of stress-energy tensor. The dependence of the 
effective action on the dilaton is constrained by the conformal symmetry and by the requirement 
that the conformal anomaly is now produced both by conformal transformations of metric and 
of the dilaton. Comparing now the conformal anomaly in two CFT's, UV and IR, the difference 
Aa = auv ~ chr is due to the dilaton. In flat spacetime and in the low energy approximation 
the anomaly part of the dilaton action is quartic in derivatives and is responsible for element of 
2 — )■ 2 dilaton scattering. The positivity of Aa then follows from a positive-definite dispersion 
relation satisfied by the S-matrix elements. 

On the other hand, it has been suggested by many authors that the a-theorem can be 
approached by using the entanglement entropy [12] (for reviews on entanglement entropy see 
[13]). Numerical analysis of [T^ and analytic study of [15] based on the strong subadditivity 
demonstrate that the c-theorem in (1 + 1) -dimensional spacetime can be reformulated in terms 
of the entanglement entropy. Taking the similarity between the RG flow and the geometric 
Ricci flow we mention also a similar result [16] on the monotonic behavior of the entanglement 
entropy under the Ricci flow in two dimensions. Further progress in this direction was made in 
three dimensions [17] , [18] using the F-theorem and in higher dimensions using the holographic 
duality [H], [20], [21]. 

In four dimensions the central charge a appears in the logarithmic term of the entanglement 
entropy of a sphere [22] (see [23] for numerical analysis and extensions to higher dimensions). 
Moreover, the conformal anomaly in the entanglement entropy can be integrated [21] and, for 
the anomaly produced by the central charge a, reduces to a purely two-dimensional anomaly 
defined on the co-dimension two entangling surface. These observations suggest that the a- 
theorem, being reformulated in terms of the entanglement entropy, could be approached along 
the same lines and using similar methods as the Zamolodchikov's c-theorem. 

In this note we make a step in this direction. We apply the approach of Komargodski and 
Schwimmer to the entanglement entropy and identify the part of the entropy which depends 
on the dilaton field r(x) . This part comes from a certain term in the dilaton effective action 
which describes the coupling of the Einstein tensor to d^rdpT . Since the dilaton couples to the 
trace of stress-energy tensor J d'^xT{x)T{x) , T{x) = T'i{x) , the specified term originates from 
the 2-point correlation function of the trace {T{x),T{y)) considered on a curved background 
metric. We then find that Aa > as a consequence of the positive-definite property of the 
spectral representation of the two-point function. This is exactly the property which can be 
used, as explained in [3] and [6], to prove the c-theorem in two dimensions. 

The paper is organized as follows. In section 2 we give a brief discussion of the approach of 
Komargodski and Schwimmer. The conformal properties of the entanglement entropy in four 
dimensions are reviewed in section 3. In section 4 we discuss the RG flows of the entanglement 
entropy in a two-dimensional theory and give yet another proof of the c-theorem. The RG 



flows of tlie entanglement entropy in a four-dimensional field theory and the property (11. 3p are 
studied in section 5. In section 6 we suggest that the similarity between the a- and c- theorems 
may not be incidental and, in fact, the a-theorem may follow from the c-theorem. We conclude 
and summarize in section 7. 

2 The a-theorem 

As we already mentioned in the introduction the idea of Komargodski and Schwimmer is to 
introduce a new scalar field, the dilaton r. Under the conformal transformations the metric gfj,^ 
and the dilaton r transform as 

gf,^ -^e^^Qf^y, T -^T + a (2.1) 

so that the combination ^^,^ = e~'^'^g^y is conformal invariant. The metric and the dilaton are 
considered as the background fields. The effective action then is a functional of both, Weff[g, t] , 
and is sum of a conformally invariant part Wmv and a part which generates the anomaly Wanom ■ 
The invariant part can be easily constructed as an expansion in curvature of the rescaled metric 

Winv = - d^x^/^ (koR + KiR^ + K2E4 + K^W^ + ..) . (2.2) 

Being considered on a fiat background, (7^1/ = 5^1/ , this is an expansion in a number of derivatives 
of the dilaton r. To the lowest order the equation of motion for the dilaton comes from the 
first term in (12.21) . 

e-^ = l-<^, 0(^ = 0. (2.3) 

The anomaly part of the effective action is obtained by integrating the conformal anomaly of 
the type (11.11) . The result of the integration iqj 

Wanom = ^J d'x^ (tE, + A{R>^' - ^g^'' R)d,rd,T - AidrYDr + 2{drA 
^^ ^d'x^grW'. (2.4) 
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By using the condition that the anomalies in the UV and IR conformal field theories should 
match one obtains that Aa = auv~0'iR- In a fiat space limit only the terms with four derivatives 
of the dilaton in (12. 4p survive. By using the low energy equation of motion (12. 3 p for the dilaton 
one finds that 
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-^jd^drf. (2.5) 



^We are working in the Euclidean signature. Therefore the anomaly ()l.ip and the dilaton action differ by 
sign from those that appear in [5], see also [IT] for the analysis in the Euclidean signature. 



The action fl2.5p defines the 4-point scattering amphtude A{s, t) , where s and t are the Mandel- 
stam variables, for which one derives a dispersion relation [5] (see also the subsequent discussion 
in ID) 

Aa _ 1 r ImA{s) 

's>0 
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The desired relation i \1.3\\ is obtained by noting that the right hand side in equation (12. 6p 
is a positive quantity in a unitary theory. Since the dilaton r(x) couples to the trace of the 
stress-energy tensor T{x) the amplitude A{s, t) can be expressed in terms of 4-point correlation 
function of T{x). Thus, in the approach of Komargodski and Schwimmer the a-theorem is due 
to a certain positive-definite relation extracted from the 4-point function. 

3 Conformal properties of entanglement entropy 

3.1 Entanglement entropy in the replica method 

The entanglement entropy is defined by first taking a pure, typically vacuum, state and then 
tracing the modes which reside inside an entangling surface S . The result is a mixed state with 
a certain density matrix p with entropy S = — Trplnp. The calculation of the entanglement 
entropy can be carried out by using the so-called conical singularity method. It consists in 
introducing a small conical singularity with angle deficit 6 = 27r(l — a) in the two-dimensional 
sub-space orthogonal to the entangling surface S so that locally, in a small vicinity of S, the 
space-time A^q, looks like a direct product C2,q, x S of two-dimensional conical space C2,a and 
surface S. We define 

-lnTrp° = iy(a) (3.1) 

as an effective action of the quantum field theory in question on the conical background. The 
entropy then is defined by differentiating the effective action with respect to a, 

S = {ada-l)W{a)\^=i. (3.2) 

3.2 Geometric invariants of conical space 

In a curved metric the effective action can be represented as an expansion in the curvature. In 
the presence of a conical singularity the curvature has a delta-like contribution at the singular 
surface [25] 

R'lp = R'\p + 27r(l - a) {{n^n^){n''np) - (n%)(n^n„)) 5j, , 

R^", = R'', + 27r(l - a)(n^n,)5s , 

R = R + An{l-a)5^, (3.3) 



where n^ ■, k = 1, 2 are two orthonormal vectors orthogonal to the surface S, (n^n^) = 
^k=i^^uPu^i ^^"i ^^^ quantity TZ is the regular part of the curvature. Thus namely the sin- 
gular terms in the curvature fl3.3p produce a contribution to the entropy (13.21) . 

Using the relations (13.31) one may calculate the integral of polynomials of curvature over con- 
ical space. It should be noted that the formulas ( 13. 3p were obtained in [25] under the assumption 
that a rotational symmetry is present in the plane orthogonal to the entangling surface. This 
assumption is justified if S is black hole horizon. It guarantees that the components of the 
extrinsic curvature of the surface S vanish. However, in general, the rotational symmetry is 
not present. The typical examples are the cylinder or sphere in Minkowski spacetime. The 
extrinsic curvature is non- vanishing in this case and, thus, it should be taken into account. The 
contribution of the extrinsic curvature to the integral of the Euler density and of the square of 
the Weyl tensor is known [22j (in a purely geometric way this is systematically studied in |26]). 
It can be summarized as follows 



Ei = a E4 + 87r(l - a) / i?s , (3.4) 

where Ry. is the intrinsic curvature of the entangling surface S, and for the integral of the 
square of the Weyl tensor 

/ W^ = af W^ + 87r{l-a) f KY + 0{l-a)\ (3.5) 

where we introduced the quantity 

Kj: = Riji, - Rii + Ir- (Trfc2 - -kih) (3.6) 

where Rijij = RaPjj.un'^nj'n^n''-, Ra = Ra/sn^n^ , and fc^^, is the extrinsic curvature of S with 
respect to a normal vector n*. The important point here is that the surface contribution due 
to the Euler density depends only on the intrinsic geometry of the surface S while the surface 
contributions of other geometric quantities like the Weyl squared may depend on both the 
intrinsic and extrinsic geometry of the surface and on the geometry of the spacetime. 

3.3 Entanglement entropy and conformal anomaly 

Here we summarize the general relation of the entanglement entropy and the conformal anoma- 
lies in d = 4 [22], [21] • Consider a generic 4d conformal field theory, characterized by the 
conformal anomalies of type A and B. On a curved background (equipped with a metric (7^1^) 
with a singular surface S (equipped with a 2d metric 'jij ) this theory is described by the quan- 
tum effective action which has the bulk and boundary components. To first order in (1 — a) 
one has that 

W = aW,uik + {l-a)Wj:. (3.7) 



The entanglement entropy is determined by the surface part of the effective action, 

S = -Wy: . (3.8) 

The bulk part of the action has a standard decomposition in terms of the UV cut-off e 

W,^ik = I (^ + ^ - a2 In e) + «;(^) . (3.9) 

Under the conformal transformations of the bulk metric, g — )■ e^'^^^^g , the UV finite part w{g) 
produces the anomaly 

wie^^g) = w{g) + / a^aix) + 0{a^) . (3.10) 



J M 

In four dimensions one has that (see [27j for a review) 

a2 = ^(aE(4)-61^2). (3.11) 

Similarly, the surface term in the effective action f l3.7p is decomposed on the UV divergent 
and UV finite parts. 



Wy = - I {J^ + Solne]-s{g,j), (3.12) 
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where N = N{A, B) is the effective number of fields in the theory, the fermions are counted 
with the weight 1/2. Under the conformal (Weyl) transformations of the bulk metric and of 
the surface metric, g — ?■ e^'^ g , 7 — t- e^°"7 the UV finite part s{g,'~f) transforms as 

sie^'^g, e^'^T) = s{g, 7) - / soa + 0{a^) . (3.13) 

The term sq is the surface part of the conformal anomaly [22] , 

So = as A - bsB , 

sa = Ir^, sb = Ik^, (3.14) 

o o 

Under the conformal transformations the intrinsic curvature Rj] and the quantity Kj^ transform 
as follows 

i?s(e2-7) = e-2'^(i?s(7)-2A2a)) 

Kj,{e'''g,e'''j)) = e-'''Kj,ig,j). (3.15) 

The surface integral of sa is topological invariant, the Euler number of the surface. On the 
other hand, the surface integral of Kj^ is conformal invariant. With the help of (I3.15P one can 
integrate fl3.13j) and obtain the non-local surface action and the entropy [23] 

S = .fe.7) = f/^fl.^fl.-|/^A.^fl. + «=»„ (3.16) 



where the last term is a conformally invariant part and we skip the UV divergent terms. 

To summarize the a-anomaly produces a purely intrinsic contribution to the entanglement 
entropy. This is not so for the anomaly due to the Weyl squared. There are certain cases, when 
Ky, = and the respective contribution to the entropy is eliminated. The typical example is 
when E is a 2-sphere in Mikowski spacetime. In this case the finite part of the entropy is purely 
intrinsic in the sense that it is entirely due to the intrinsic geometry of the entangling surface. 

3.4 The dilaton entropy 

In the approach of Komargodski and Schwimmer the dilaton r is yet another background field, 
such as metric g^u- Thus, the entanglement entropy of the quantum field theory becomes a 
functional of the dilaton and of the metric. How the entropy depends on the dilaton can be 
easily obtained by applying the method of conical singularity to the actions (12. 2p and (12.41) . 
The conformally invariant part of the entropy then takes the following forno 



Sinv = 47r /" ^7 (^Ko + 2kiR + 2/t2^s + 2fi:3i^E + ••) , (3.17) 

where 7 = e~^'^7 . The anomaly part of the entropy is obtained by applying (13. 3p to the anomaly 
action f l2^ . 

Sanon. = Aa^ J ^ {tR^i) + {d^r)^) + Ab^ J ^tKj, . (3.18) 

Here the term (9st)^ = '-y^^d^rdyT , where 7'"^ = g^^ — {n^n'^) is the metric on the surface, is 
defined intrinsically on the surface S . Thus, the a-anomaly part in the dilaton action is purely 
intrinsic. This is consistent with what we said above regarding the a-anomaly (I3.16p . 

In order to eliminate almost all terms in the entropy let us consider Minkowski spacetime 
and the entangling surface S to be an infinite plane. The entropy then contains only two terms 
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Aa^f{dj:rf + AnKof^e-^^. (3.19) 



We used the low energy equation of motion (12. 3p in the bulk when derived (I3.19P so that the 
term R in (I3.17P does not produce any contribution. In what follows we shall focus on the first 
term in (13.190 and ignore the second, "cosmological constant" , term. 

First of all we notice that the four-derivatives terms in (12. 4p . which were very important 
in the analysis of Komargodski and Schwimmer, do not contribute at all to the entanglement 
entropy! Instead, we have a contribution from the term with two derivatives of r that couples 



^One might worry whether the R^ term in the action (j2.2|) may give, in flat space, an extra contribution to 
the entropy that is entirely due to the extrinsic curvature of the entangling surface. This does not happen as is 
shown in the forthcoming paper |26) . 



to the Einstein tensor G'^'^ = R^^ — \g^^R. This term compensates in fl2.4p the conformal 
transformation of the Euler density, daE^^ = SC'^'^V^Vi/O". Namely the couphng to the Einstein 
tensor was crucial in establishing the fact that only the intrinsic derivatives of the dilaton along 
the surface appear in the entropy fl3.19p . The other remark is that the anomaly term in the 
entropy ( 13.19P is produced by a term quadratic in r in the dilaton action (12 ■4p . Since the dilaton 
r couples to the trace T{x) of the stress-energy tensor the anomaly term in the dilaton entropy 
is related to a 2-point function of the trace T(x) , as we show below. 

4 Analysis of the entanglement entropy in D=2 

4.1 Dilaton anomaly action and the entropy 

Let us start our analysis with a brief consideration of the two-dimensional case. In two dimen- 
sions the anomaly part of the dilation action is |6] 

Ac 



Wanomalyir) = -—J{rR- (Vt)^) , (4.1) 

where Ac = cuv ~ cir is the variation in the central charge of the theory in UV and IR regimes. 
Applying (13. 3 p to the dilaton action (14. ip we find the dilaton contribution to the entanglement 
entropy in D = 2, 

S{r) = ^rs , (4.2) 

where S is the discreet set of points of separation between the two subsystems and r^ is the 
value of the dilaton on this set. For simplicity we shall consider the case when E is just a single 
point separating two subsystems of a quantum field defined on infinite line. 

4.2 A quick analysis of the dilaton entropy 

In order to illustrate the calculation of Ac let us consider a single free massless field with the 
action Wo{(j)) = |J(V0)^ and perturb it by a mass term ^ J (f)"^ . The dilaton is introduced 
by replacing m'^ — )■ e~^^m^. A quick, and not rigorous, way to find the dependence of the 
entanglement entropy on the dilaton is the following. We know that in the presence of mass m 
the entanglement entropy of a 2d scalar field is 

^=lln — , (4.3) 

o em 

where e is a UV cut-off. Now, replacing here m — )■ me"'^^ we find 

S{r) = ^rs (4.4) 



for the dilaton part in the entropy. That the value of the dilaton r has to be taken at the point 
of separation S is not obvious in this quick derivation. However, the distributional nature of 
the conical singularity, which is important in the derivation of the entanglement entropy, tells 
us that the all quantities which vary in space should be taken at the tip of the singularity, i.e. 

at S. 

4.3 Entanglement entropy of a free field 

Let us consider a slower calculation of the dilaton entropy (14. 4p . For small r the perturbed 
action is Wpert{(p) = Wm{(p) - J t{x)0{x) , where Wm{(p) = W^o(0) + ^ / <P'^{x) is the action of 
a massive field and O = m?(fp' is a perturbation. Now, to linear order in r, we have that 

^g/r(z)o(x)^ = e-^'^^") , W{t) = - I t{x) (0(x)) , (4.5) 

where the expectation values are calculated in the massive theory. For operator O = m'^(j)'^ 
the expectation value is expressed in terms of coincident points limit of Green's function of the 
massive field, 

0{x)=m^Gm{x,x). (4.6) 

In 2d Minkowski spacetime, and in the coincident points limit. Green's function is trivial, 
Gm{x,x) = Gm{0). This is not so in the presence of a conical singularity. 

We shall use a representation for Green's function that uses the heat kernel, 

Gm{x, y)= ds Kis, X, y)e-^"' , (4.7) 

Jo 

where K{s, x, y) is the heat kernel of a massless field. In 2d Minkowski spacetime the heat 
kernel is 



Kois,x,y) = - — e 4» 
Atts 

Let us choose a polar coordinate system {r,6) with the center in the point S. In the presence 
of a conical singularity one uses the Sommerfeld formula to make the heat kernel 27ra periodic 
in e, 

if ID 

Ka{s, X, y) = Ko{s, X, y) + ^— / cot — K{s, x{w),y) dw . (4.8) 

The contour F consists of two vertical lines, going from (— vr + ioo) to (— tt — zoo) and from 
(vr — ioo) to (vr — \-ioo) and intersecting the real axis between the poles of the cot ^ : — 27ra, 
and 0, +27ra, respectively. The second term in (14. 8 p vanishes when a = 1. Namely this 
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term in the heat kernel is important for the entropy calculation. Let us expand the dilaton r 
in powers of the radial coordinate r . At the coincident points we find 

K{s,x{w),x) 



Arcs 

The regularity of the dilaton in the Cartesian coordinates (a;i,X2) means that it can be de- 
composed in positive powers of Xi and X2, the monomes x\x2~^ then form a basis of the 
decomposition. This can be translated to a decomposition in the polar coordinates, 

00 l=n 

r(r,^) = 5^r"^r„,;e*'^/^ (4.9) 

n=0 l=—n 

where ro,o = ts, is the value of the dilaton at S. We then find (see also ^28j for a related 
calculation) 

/ T{x)Ka{s,x,x) = — t{x)+ -^-——aP2k+2ia)T2kfls'', (4.10) 

where we performed the integration over the radial coordinate r and the angular coordinate 6 , 
and introduced 

w 1 

d^ cot — — ^^ = Pn{a) . (4.11) 



Ana Jr 2a (sinf)'^ 

It occurs that for odd values of n the integral in (14. lip vanishes. That is why in (I4.1UI) only 
even values of n appear. All functions P„(a) vanish if a = 1. For n = 2 and n = 4 we find a 
exact form 

^ [l-a^), P4(«) = T^(1 -«')(!!«' + 1). (4.12) 



3a^ ' 4:5a^ 

Multiplying now (I4.10p by e"*" * and integrating over the proper time s we find the dilaton 
action 

W^{t) = aW^=,{T) - E 7;;;^yu « P2k-,2{a)T2k,o . (4.13) 



fc=0 



4m2'= {2k)\ 



Applying now (13. 2 p to (I4.13P we obtain the dilaton part in the entanglement entropy, 



^rj^ + Oi-, 



5(r) = -rs + 0(— S^rls). (4.14) 



We used here that tqq = r^ and that T2kfi ~ d'^'^T'ls- The mass independent, no-derivative, 
term in the entropy (I4.14p is precisely (14. 2p . the term we are mostly interested in in the context 
of the c-theorem. For a free field we the have that Ac = 1 and, hence, cj^ = 0, i.e. the IR 
theory does not contain any degrees of freedom. 

11 



4.4 Entanglement entropy in general case, the c-theorem 

This free field calculation, however, is useful in the study of the RG flows in the general case. 
Indeed, the expectation value of the operator O which couples to the dilaton can be represented 
as follows 

//•oo 
rffcC(/t)e-*'=(^-^')= lim / dmm^C{m)G„,{x,x'), (4.15) 

where for 0{k) we have used a spectral representation 



oo 



0(k)= I dmm \^^'^\ . (4.16) 

Jq k^ + m"' 

If (9 is a positive operator, as it is in our case since O is the trace of the stress-energy tensor, then 
C{m) > 0. The calculation in the general case (I4.15p . thus, reduces to a free field calculation 
for the operator (14. 6p . Repeating now the same steps as above, this time for the operator (I4.15p . 
and focusing only on the no-derivative term in the dilaton entropy we find that 

S{t) = 1 [ dmC{m)T^. (4.17) 

6 Jo 



Comparing this to (14. 2 p we find 



/■oo 

Ac= / dmC{m) > (4.18) 

Jo 



and, thus, reproduce the c-theorem. 

5 Analysis of the dilaton action and entanglement en- 
tropy in D=4 

In this section we prefer to use the field ip (12. 3p to represent the dilaton, for small values we 
have if = T . Our strategy here is to look at the coupling G^^d^ipdu^p in the effective dilaton 
action. Then, using the formulae (13. 3 p for the curvature due to a conical singularity we compute 
the corresponding contribution to the dilaton entropy. 

5.1 A free scalar field: the dilaton effective action and the entropy 

Let us start with a conformal scalar field and perturb it with a massive term. The perturbed 
action then is 

W = ^j(p(-D + ^R + m^ + V{y^)\ , (5.1) 

12 



where the dilaton potential takes the form 

r((/?) =m2(-2¥? + ¥?2). (5.2) 

Integrating over (/) we obtain an effective action which is functional of the metric and the dilaton 
ip. It can be evaluated by using the heat kernel technique, 

Weff = -l: r-TTK{s,x,x)e-'"'\ (5.3) 

2 J ^2 S 

Here K{s,x,x') is the heat kernel for the operator (— □ + |-R + V{v)) ■ What we shall need 
is a decomposition of the heat kernel in the powers of the potential V{(f), where we want to 
include the mixed terms linear in the curvature. The required structure of the heat kernel can 
be extracted from the exhaustive study presented in [29]. We use the equations (4.47)-(4.49) in 
Ref. [29] and focus only on the terms polynomial in V , that contain maximum the first power 
of the curvature and the second derivative of the potential V . Among plenty of terms obtained 
in [29] we shall need only the following five termqj 

.3 



T^^f^-.-) = i£)5/l(l^''D^-M^™) 



44 720 180 M '^ ^^J V ; 

The terms with higher powers of s contain either higher powers of potential V , higher powers 
of the curvature, or higher derivatives of V . They are not of our interest here. The effective 
action then, after the integration over proper time s, the integration by parts and using the 
Bianchi identities, is a sum of two terms, 



1 
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V'^UV) , 

W, = —1— [{l-G^^d.Vd^V + R{\UV - ^,{yVf - —,VUV)) , (5.5) 
57o507r"^ J m^ m^ Zm^ m* 

where C^" = R^'^ — \Rg^^ is the Einstein tensor. For the potential V , expressed in terms of 
the dilaton as in (15. 2p . we find 



Wriv) = ^^^^ JiAiif - lyC-'^d.ipd^if - 2R{if - l)=^n^) . (5.6) 

On-shell, (12. Sp . the second term in (15. 6 p vanishes. For small values of ip we then obtain 

W,{^) = ^f G^%^^d.^ (5.7) 



*Note that our potential V is related to P, used in [33], as ^ = —P. 
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in a complete agreement with our expectations. We see that the two-derivatives term dfj_!fd^(p 
does couple to the Einstein tensor. The contribution to the entanglement entropy then is equal 
to 

For a scalar field auv = l/907r^. Therefore, by comparing ( 15. Sp with ( 13.19^ . we find that in the 
case of a free field the RG fiow results in an IR theory which does not contain any degrees of 
freedom, ajR = 0. This is as expected, see the discussions in [3] and [5]. 

The entanglement entropy for the field theory (15. ip in fiat spacetime should not depend on 
the value of the non-minimal coupling. As a consistency check on our analysis let us see whether 
the result (15. 7p . (15. 8p is sensitive to the exact value of the non- minimal coupling in (15. ip . For 
this let us shift the potential V — )■ V + C,R- The modification of the action Wi then comes from 
a deformation of the action Wq in (15.50 . 

A,w, = w„(v + m-w„(v) = -^JiR[^^nv-l,vnv^^,(vvr-) . (5,9) 

For the potential V in the form (15. 2 p this deformation reads 

\Wi = -^ j iR {{if - 1)(1 + 2y; - (^2) Dy, - 2v9((^ - 2){yipf) . (5.10) 

The first term here vanishes on-shell while the second gives a contribution only in cubic order. 
We conclude that our result (15.70 is robust and does not change under a deformation of the 
non-minimal coupling. So that the entropy ( 15. 8 p is indeed not sensitive to the values of the 
non- minimal coupling in the field action (15. ip . when evaluated in fiat spacetime. In particular, 
this result should be valid for a minimally coupled scalar field. 

5.2 Entanglement entropy in general case, the a-theorem 

The analysis which we now perform is inspired by the one made by Komargodski |S] in the 
two-dimensional case for the c-theorem. The dilaton ^{x) couples to the trace of stress-energy 
tensor as ip{x)T[x). Focusing on terms quadratic in ip we find that 



(e^^(^^^^^')) = 1 + ^ / Ui^My) {nx)T{y)) + .. = e-^^'^) , (5.11) 



2 
where, in quadratic order, the dilaton action is 




W{^) = -\l I V{x)^{y) {nx)T{y)) . (5.12) 
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Following ^ we shall use a spectral representation for the correlation functio: 

(T(x),T(y)) = ^^^y rf/iC(°)(/i)/G^(x,i/). (5.13) 

Gfj^{x, y) is Green's function of a scalar field of mass /i. We extend the relation fl5.13p to a curved 
backgrounqj . The dilaton v^(y) can be now decomposed in a covariant Taylor expansion [30] 



i^{y) = V9(x) + Vo.^{x){y - x)" + -V«V^<^(x) (y - x)"(y - xf + .. , (5.14) 

valid in the normal coordinates with the origin at the point x. In the normal coordinates we 
evaluate the integral 



^«/3, 



X] 



dy'.My)G,ix, y){y - xTiy - xf = ^ , (5.15) 

where H"^{x) is linear in curvature and we omit all other powers of the curvature. 

In the dilaton action (I5.12p we are interested in a term linear in the curvature. This term 
takes the form 

W{^) = -^^ j^ rf/i ^^ j v{x)H-^{x)V^VM^) ■ (5.16) 

This is a general formula valid for any four-dimensional unitary theory. In particular, it can be 
applied in the case of a free scalar field of mass m. The form of the spectral function C^^\fi) 
in this case is found in [^. On the other hand, for a massive fee field we should reproduce (15.71) . 
The result (15. 7p does not depend on mass m of the field. In particular, it stays the same if m 
is taken to zero. In this limit C^^\n)/ fi^ -^ ^(a*)? ^^ was shown in [3J. These reasonings help 
us to quickljO determine if "^ , 

H'^f^ix) = ^G"^{x) . (5.17) 

So that, in the case of a generic quantum field theory we have 



W{^) 



1 p^ C(o)(/i) 



djj ■ 



G''^{x)da<f{x)dpif{x). (5.18) 



_14407r2 7o ^ jj"^ 

The dilaton dependence of the entanglement entropy then can be deduced from this action by 
applying ([33]), 

CW(/.) 



S{^) 



7207r Jq ^ fi 



/2 



(dj:^). (5.19) 

s 



^We note that our normalization for the stress energy tensor is different from the one used in j3j. The 
zero-spin spectral density C'-'^^(/i) is, however, identical to the one used in [3]. 

^ There is an ambiguity in extending the relevant scalar field operator to a curved metric: one has to specify 
the value of the non-minimal coupling in the field operator. However, as we discussed this above, the interesting 
to us part in the dilaton action/entropy does not depend on the the concrete value of this coupling. 

^ A slower way would be directly compute the integral (|5.15p using the normal coordinates. 
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Comparing this with f l3.19p we find 



907r2 Jo ""^ ^2 



auv - am = 7^7^? / ^A* — 7^ — (5-20) 



for the difference in the a-charges between the UV and IR conformal theories. In a unitary 
theory the spectral density C^^\fi) > and, thus, eq.( ]5.20p imphes the a-theorem. 

6 Does the a-theorem follow from the c-theorem? 

Let us choose the entanghng surface to satisfy the condition Kj^ = so that, in a generic 4d 
CFT, the surface conformal anomaly is entirely due to intrinsic geometry of the surface. The 
anomaly part of the entanglement entropy fl3.16p 

then is identical to the anomaly part in the effective action in a two-dimensional conformal 
field theory. This observation suggests that there might be a closer relation between the two 
conformal theories. In particular, the c-charge in two dimensions and the a-charge in four 
dimensions are related as follows 

c = 3n'^a. (6.2) 

In two dimensions, if the theory is unitary, the c-charge is positive. The relation (16. 2 p then 
implies that the a-central charge is a positive quantity, a > 0. 

Same relation (16. 2p is valid for the RG fiows of the central charges, Ac = Svr^Aa, as is seen 



from (I3.18p . (I3.19p . This can be generalized to higher dimensions. In d = 6 the a-anomaly part 
of the dilaton action is 

Wd=e{r) = -Aae / (tE^ + ..) , (6.3) 

J Me 

where Eq is the Euler density in six dimensions, gg^ fj^j Eq is the Euler number, and the 
terms of higher powers in r are obtained by the conformal symmetry, see [9] for a relevant 
discussion. Applying (13. 3p to (16. 3 p one finds the dilaton entropy for an entangling co-dimension 
two surface, 

Sd=4ir) = QnAae [ (tE^ + ..) . (6.4) 

(We note that the Euler number of S4 is 32^ /^ E4.) In this formula we used the relation 
found in [25] for the Euler densities in the bulk geometry and in the singular surface. The 
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higher powers of the dilaton field in f l6.4p are fixed by the conformal symmetry on the surface. 
Since this conformal extension is unique the dilaton entropy (16 .4^ is precisely the dilaton action 
fl2.4p in d = A. The relation between the RG fiows of a-charges in d = 4 and d = 6 (in the 
normalization which we use here) is 

Aa4 = 3847rAa6 . (6.5) 

Clearly, this can be extended to any higher dimension. 

We have shown in this paper that the a-theorem in c? = 4 is due to positivity of the 2- 
point correlation function of stress-energy tensor. This is similar to the proof of the c-theorem 
originally presented in [3] (see also discussion in [6]). Both theorems, thus, involve the same 
properties of the correlation functions. Moreover, for the entanglement entropy (16. ip the state- 
ment on decreasing of charge a appears to have the form of a c-theorem. These observations 
suggest that there might be a dipper relation between the two theorems and, possibly, the a- 
theorem may simply follow from the c-theorem. The c-theorem should be properly applied to 
the entanglement entropy of a four-dimensional theory. What we could gain from this relation, 
provided it is better established, is the complete extension of the properties of the RG fiows in 
two dimensions to the four- dimensional field theories. Most importantly, it might be possible to 
demonstrate, using this similarity, that the RG fiow in four dimensions is a gradient fiow. We 
do not develop this direction here leaving it to a future study. 

7 Conclusions 

We have reformulated the a-theorem in terms of the entanglement entropy. Our approach is 
motivated by the recent works of Komargodski and Schwimmer [5], [6], where they suggested to 
analyze the RG fiows of the dilaton action. We applied this idea to the study of the RG fiows in 
entanglement entropy of a generic four-dimensional CFT. It was found that the quartic term in 
the dilaton action, (5r)^, which was important for the analysis in [5], |6] does not contribute at 
all to the entropy. Instead, the important contribution comes from the term G^'^dfj^rd^T , where 
C^" is the Einstein tensor. This term in the dilaton action is quadratic in r and, thus, can be 
related to a 2-point function of the trace of stress-energy tensor. Modulo the technical details 
this is exactly as in the demonstration of the c-theorem in two dimensions, [3] , [6] . The 2-point 
functions and their positivity properties are easier to analyze than that of the 4-point functions 
effectively used in the approach of [5]. Our proof of the a-theorem then goes along the lines 
similar to the proof of the c-theorem. 

We propose that this similarity may have some deeper reasons and, in fact, the a-theorem 
may be a consequence of the c-theorem. This conjecture is based on the following observations: 
1) the a-anomaly part in the entanglement entropy in a generic 4d CFT is identical to the 
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effective action of a two-dimensional CFT defined on the entangling surface; 2) in the analysis 
of the RG fiows, the dilaton part of the entanglement entropy in a four-dimensional theory is 
identical to the dilaton action defined on the co-dimension two entangling surface; 3) the proof 
of the a-theorem for the entanglement entropy involves the same positivity property of the 
spectral representation of the 2-point function of stress-energy tensor as in the c-theorem. The 
points 1) and 2) can be extended to higher dimensions and involve a certain relation between 
the a-charges in dimensions d = 2k + 2 and d = 2k. It would be interesting to understand 
better all these relations. 
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